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HYPERELLIPTIC CURVES ON (1, 4) POLARISED ABELIAN
SURFACES
PAWE L BORO´WKA, ANGELA ORTEGA
Abstract. We investigate the number and the geometry of smooth hyperelliptic curves
on a general complex abelian surface. We show that the only possibilities of genera of
such curves are 2, 3, 4 and 5. We focus on the genus 5 case. We prove that up to
translation, there is a unique hyperelliptic curve in the linear system of a general (1, 4)
polarised abelian surface. Moreover, the curve is invariant with respect to a subgroup of
translations isomorphic to the Klein group. We give the decomposition of the Jacobian
of such a curve into abelian subvarieties displaying Jacobians of quotient curves and
Prym varieties. Motivated by the construction, we prove the statement: every e´tale
Klein covering of a hyperelliptic curve is a hyperelliptic curve, provided that the group
of 2-torsion points defining the covering is non-isotropic with respect to the Weil pairing
and every element of this group can be written as a difference of two Weierstrass points.
1. Introduction
In the research connecting curves and abelian varieties an special attention has been
given to abelian surfaces, because then the curves become divisors. Many classical results
focus on principally polarised abelian surfaces, which are mostly Jacobians of smooth
genus 2 curves. In particular, the linear series of the polarising line bundle on a principally
polarised surface contains a unique section (up to a scalar) with zero locus being a smooth
genus 2 curve and every genus 2 curve arises in this way.
Contrary to these results, there is little known for general (d1, d2) polarised abelian
surfaces. The curves in the linear series form a (d1d2 − 1)-dimensional family with a
general member being a smooth curve of genus 1+d1d2. A well known example of a curve
in the linear series of the polarisation is an e´tale cyclic d : 1 covering of a genus 2 curve,
that is embedded in a (1, d) polarised surface.
One can consider symmetric line bundles and symmetric curves with respect to the
(−1)-action of the abelian variety. Using the projection map to the Kummer surface we
see that such curves, by definition admit a 2 : 1 map branched at the 2-torsion points,
through which the curve passes with odd multiplicity. Conversely, every hyperelliptic
curve that is embedded into an abelian surface can be mapped in such a way that the
image is symmetric. This fact has been recently used in [7], to compute the number
of hyperelliptic curves on abelian surfaces using Gromov-Witten theory on the Kummer
surfaces. In particular they proved that these numbers are finite; the details are in [7,
Table 1].
Independently, in [6] there is a construction of the so called (1, 3)-theta divisors on
(1, 3) polarised abelian surfaces, that are hyperelliptic curves. Using the (−1)-action on
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a general (1, 3) polarised surface, one can decompose the linear series of the symmetric
polarising line bundle into ±1 eigenspaces of dimensions 1 and 2, and therefore distinguish
a unique theta function and its zero locus, that is a genus 4 hyperelliptic curve.
The motivation of this paper has been to complete the study of which and how many
smooth hyperelliptic curves can be embedded into a general abelian surface. The starting
point of the investigation is Theorem 2.8, where we prove that the necessary condition is
that the genus g ∈ {2, 3, 4, 5} and the surface is polarised of type (1, g − 1). Since the
cases g = 2 and g = 3 are classical and g = 4 is treated in [6], we focus on the case g = 5
embedded into (1, 4) polarised surfaces. Using a similar construction to the one in [6], yet
technically more difficult, we prove the following theorem.
Theorem 3.7. Let C be a smooth hyperelliptic curve of genus 5 embedded in a general
(1, 4) polarised abelian surface A. Then C is a translation of the curve CA, defined as the
zero locus of the unique (up to multiplication by a scalar) odd theta function θA on A.
In particular, we show that the conditions in Theorem 2.8 are sufficient. Moreover, we
explicitly constructed all the smooth curves predicted in [7, Table 1].
Apart from studying the number of such hyperelliptic curves, we investigated their
geometry. We prove that the curve CA is invariant with respect to the Klein subgroup
of the group of translations of A. This led to the investigation of Klein coverings of
hyperelliptic curves. Using the theory of coverings we prove the following theorem.
Theorem 4.7. Let H be a smooth hyperelliptic curve of genus g ≥ 2 with a subgroup
G = {0, η1, η2, η1 + η2} ⊂ JH[2] and let C˜ → H be the Klein covering of (H,G).
(a) If C˜ is hyperelliptic then G is non-isotropic with respect to the Weil pairing on
JH[2].
(b) If G is non-isotropic with η1 and η2 (and hence η1 +η2) being the difference of two
Weierstrass points, then C˜ is hyperelliptic.
This result is independent of the rest of the paper. We apply it to the following
construction. Let Â = JH/G be the quotient surface. Lemma 4.11 shows that Â is (1, 4)
polarised so is its dual, called A. We have a map pi : A→ JH and define C˜ = pi−1(H). By
construction, pi|C˜ : C˜ → H is an e´tale covering defined by a non-isotropic Klein subgroup
G, hence hyperelliptic and embedded in A. As a consequence of the above statements,
we obtain the main result of the paper:
Theorem 4.12. A smooth hyperelliptic curve of genus 5 can be embedded into (1, 4)
polarised abelian surface if and only if it is a non-isotropic e´tale Klein covering of a genus
2 curve.
As an application of the results we decompose the Jacobian of the curve C˜ into subva-
rieties. To make the statement precise, we need to introduce the following notation. If M
and N are abelian subvarietes of X with restricted polarisation of type D, respectively
D′, and with M , N the associated idempotents, we write X = MDND
′
if M + N = 1.
Moreover, let ι be the hyperelliptic involution on C˜ and σ, τ the involutions of the Klein
coverings. Define the elliptic curves Eσ = C˜/〈σ, ιτ〉, Eτ = C˜/〈τ, ισ〉, Eστ = C˜/〈στ, ισ〉.
3Theorem 5.5. Let A be a general (1, 4) polarised abelian surface and C˜ the hyperel-
liptic curve embedded in A. Then
JC˜ = Â(1,4)  E(4)σ  E(4)τ  E(4)στ .
In the above presentation, one can recognise images of Jacobians of all the quotient curves
and Prym varieties of the quotient maps.
The plan of the paper is as follows. We recall some basic facts and definitions in
Section 2. In Section 3 we construct smooth hyperelliptic curves on a general (1, 4)
polarised abelian surface and prove Theorem 3.7 via degeneration to a product of two
elliptic curves. In Section 4 we prove Theorem 4.7 by means of a result in [9] and give a
second construction of hyperelliptic curves on a (1, 4) polarised abelian surface that leads
to Theorem 4.12. In the last section we give the decomposition of the Jacobian of C˜ in
terms of the abelian subvarieties that it contains.
2. Preliminaries
We recall very briefly some definitions and known results from theories of abelian va-
rieties and coverings of curves. For details, we refer to [4]. Let X be a complex abelian
variety of dimension g, i.e. a projective complex torus. The Neron-Severi class of an ample
line bundle L will be called a polarisation. The dual abelian variety to X will be denoted
by X̂. A polarisation induces an isogeny φL : X → X̂. The kernel of φL, denoted by
K(L) is isomorphic to (Zg/DZg)2, where D = diag(d1, . . . , dg) for some di ∈ Z+, di|di+1
and is called the type of the polarisation.
Let i : Y ↪→ X be the embedding of an abelian subvariety Y . The polarisation L
induces an isogeny ψi∗L : Ŷ → Y and the norm endomorphism NmY ∈ End(X) is defined
by
NmY = iψi∗LiˆφL.
One can also associate to Y the symmetric idempotent Y :=
1
e(Y )
NmY ∈ EndQ(X), where
e(Y ) is the exponent of Y . Conversely, if  is a symmetric idempotent, then there exists
an integer n > 0 such that n ∈ End(X) and Im(n) defines an abelian subvariety of X.
This gives a one-to-one correspondence between abelian subvarieties of X and symmetric
idempotents ([4, Theorem 5.3.2]). The map  7→ 1−  induces an involution on the set of
symmetric idempotents, therefore we have an involution on the set of abelian subvarieties
of X. If Y = Im(n), then Z = Im(n(1 − )) is the complementary abelian subvariety to
Y with respect to the polarisation L.
For a smooth curve C, by JC, we denote its Jacobian that is canonically a principally
polarised (i.e. D = idg) abelian variety of dimension equal the genus g = g(C). If
f : C˜ → C is a covering then Im f ∗ is an abelian subvariety of JC˜ and the complementary
subvariety is called the Prym variety of the covering and will be denoted by P (C˜/C).
Recall that there is a bijective correspondence between subgroups 〈η〉 of order n of JC
and e´tale cycle coverings f : C˜ → C of degree n (see [11]). One can also realise e´tale
cyclic coverings in the following way.
Proposition 2.1. Let X̂ = JC/〈η〉 and let pi : JC → X̂ be the quotient isogeny. Then X̂
can be embedded in JC˜ and the restricted polarisation from JC˜ to Xˆ is of type (1, n, . . . , n).
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If pi : X → JC is the dual isogeny, then pi−1(C) is a curve C˜ and pi|C˜ = f is the given
covering.
Proof. ([11, Section 3]). 
Let f : C˜ → C be a double covering and σ the involution exchanging the sheets of the
covering; denote also by σ the induced automorphism on JC˜. The following Proposition
is a well-known fact ([11, Section 3]).
Proposition 2.2. If f : C˜ → C is a branched double covering then f ∗ : JC → JC˜ is an
embedding and the restricted polarisation is twice the principal one. Moreover, the norm
map of JC is NmJC = 1 + σ.
If α is an automorphism of a curve C we denote by Cα the quotient curve C/〈α〉. Recall
that for a hyperelliptic curve of genus g ≥ 2, the set of Weierstrass points coincide with
the set of fixed points of the hyperelliptic involution and is of order 2g+ 2. The following
propositions deals with the case when the curves are hyperelliptic.
Proposition 2.3. Let f : C˜ → C be an e´tale cyclic covering of degree n. If C˜ is
hyperelliptic then C is also hyperelliptic and n = 2.
Proof. Let σ be the automorphism permuting the sheets of the covering and let ι˜ be the
hyperelliptic involution. Obviously ι˜ commutes with σ so it descends to an involution on
C denoted by ι. Let g = g(C) be the genus of C. By Hurwitz formula g(C˜) = n(g−1)+1,
hence |Fix(ι˜)| = 2n(g − 1) + 4. Now, |Fix(ι)| ≥ |Fix(ι˜)|
n
because ι˜ descends to ι. Since
|Fix(ι)| ≥ 2(g − 1) + 4
n
, we can write |Fix(ι)| = 2(g − 1) + b, for some positive integer b.
Let us consider the quotient curve Cι. By Hurwitz formula we have:
2g − 2 = 2(2g(Cι)− 2) + |Fix(ι)| = 2(2g(Cι)− 2) + 2g − 2 + b.
Since b > 0 the only possibility is that g(Cι) = 0, hence b = 4 and C is hyperelliptic
with the hyperelliptic involution ι. The last part follows from the fact that a lift of ι and
σ generate the dihedral group Dn [3, Proposition 1.2] and the only such a group that is
abelian is D2 = Z2 × Z2. 
Proposition 2.4. Let f : C → Cσ be a double covering and σ be the involution exchanging
the sheets of the covering. Then
(a) If f is e´tale and Cσ is hyperelliptic with the hyperelliptic involution ι, then ι lifts
to an involution on C denoted by ι˜ and P (C/Cσ) splits as product of Jacobians
JCι˜ × JCι˜σ.
(b) If C is hyperelliptic with the hyperelliptic involution ι, then P (C/Cσ) is the image
of a Jacobian JCισ.
Proof. Part (a) can be found in [11]. As for the second part, let M be the image of JCσ
in JC. By construction, the norm map of M is given by NmM = 1 + σ.
On the other hand if ι is the hyperelliptic involution on C then ισ is another involution
on C. If N is the image of JCισ in JC then NmN = 1 + ισ and since ι extends to JC as
(−1), we get that NmN = 1−σ. Hence NmN + NmM = 2JC so (M,N) are complementary
abelian subvarieties.
Hence, by definition of Prym, we get that Im(JCισ) = N = P (C/Cσ). 
5Remark 2.5. If both C and Cα are hyperelliptic and we choose the lift of the hyperelliptic
involution to be hyperelliptic then part (a) and (b) of Proposition 2.4 coincide, since
JP1 = 0.
2.1. Motivating computation. Let A be an abelian surface and C be a smooth hy-
perelliptic curve of genus g > 1. Let fC : C ↪→ A be an embedding. Without lose of
generality, we can assume that fC(p) = 0 for some Weierstrass point p ∈ C. Using the
Universal Property of Jacobians together with the Abel map αp, we have the following
diagram:
C A
JC
-fC
@
@Rαp  
 
f
where f is the extension of fC to JC. Let ι be the hyperelliptic involution on C. Its
extension to JC is −1, so αp(C) is a symmetric curve, i.e. such that αp(C) = −αp(C).
Lemma 2.6. Let W be the set of Weierstrass points on C. Then fC(W ) = fC(C)∩A[2].
Proof. First note that f(JC[2]) = A[2]. Since f |αp(C) is injective the statement is equiva-
lent to the equality αp(W ) = αp(C) ∩ JC[2]. For q ∈ C,
αp(q) ∈ JC[2] ⇔ −αp(q) = αp(ιq) = αp(q) ⇔ ιq = q ⇔ q ∈ W.

From now on, we identify C with its image in JC as well as with its image in A. Since f
is a homomorphism, −f(C) = f(−C) = f(C) and the curve C on A defines a symmetric
divisor. Since g(C) = g > 1, we have that OA(fC(C)) is a polarising line bundle of some
type (d1, d2) with g = 1 + d1d2.
For any divisor D on A, let
A+2 (D) = {a ∈ A[2] : multa(D) ≡ 0 mod 2},
A−2 (D) = {a ∈ A[2] : multa(D) ≡ 1 mod 2}.
The following proposition is a simplified version of [4, Proposition 4.7.5].
Proposition 2.7. Let D be an ample symmetric divisor on an abelian surface A and
L = OA(D). Suppose L is of type (d1, d2) and s = |{i : di ∈ 2N + 1}| is a number of odd
di’s. Then
|A−2 (D)| = 8 + 23−s or |A−2 (D)| = 8− 23−s or |A−2 (D)| = 8.

Since C is smooth and fC is an embedding we have multa f(C) ∈ {0, 1} for any a ∈ A.
The following theorem was the starting point of our research.
Theorem 2.8. Let C be a smooth hyperelliptic curve embedded in an abelian surface A.
Then its genus g(C) ∈ {2, 3, 4, 5} and A is polarised of type (1, g(C)− 1).
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Proof. By Lemma 2.6, the set of Weierstrass points is contained in the set of 2-torsion
points and is equal to A−2 (C). Hence 2g(C) + 2 ≤ 16 = |A[2]|, so g(C) ≤ 7. It remains to
exclude two cases, g(C) = 6 and g(C) = 7. In the former case, we have that |A−2 (C)| = 14
which is a contradiction with Proposition 2.7. For g(C) = 7 the only possible option is
d1 = 1, d2 = 6, so s = 1 and we also have a contradiction.
For g(C) = 5, we get |A−2 (C)| = 12, so s = 1 and therefore the only possible type is
(1, 4). The cases g(C) = 2, 3, 4 are analogous. 
Theorem 2.8 gives a necessary condition for the genus of C. We would like to show
that they are sufficient. For g(C) = 2 the curve C defines a principal polarisation in
its Jacobian. For genus 3, if f : C˜ → C is an e´tale double covering of a genus 2 curve,
then g(C˜) = 3 and one has an embedding of C˜ in the abelian surface f̂ ∗(JC) giving a
(1, 2) polarisation (see Proposition 2.1). For g(C) = 4 there is a construction of so called
(1, 3)-theta divisors (see [6]). It is almost the same as the construction of the curve CA
in the next section, but it is important to note that constructing (1, 3)-theta divisors has
been technically easier, mostly due to the fact that 2 and 3 are coprime.
In the following sections we will show two independent constructions that will prove
the existence of genus 5 hyperelliptic curves on (1, 4) polarised abelian surfaces.
3. Hyperelliptic curves on an abelian surface
Let A be a (1, 4) polarised abelian surface. Fix an isomorphism of A with the abelian
surface given by the period matrix Z ∈ h2, where h2 denotes the Siegel upper half-space.
With respect to a standard decomposition C2 = ZR2 +R2 there exists a unique polarising
line bundle L0 of characteristic 0 on A. By [4, Remark 8.5.3] the space of its global
sections can be identified with a space of classical theta functions with basis
θ[00], θ[ω0], θ[2ω0 ], θ[3ω0 ],
where ω = (0, 1
4
). As the line bundle is symmetric, the (−1) action extends to H0(L0).
Using [4, Lemma 8.5.2] and the fact that the characteristic is 0, we translate Inverse
Formula [4, Formula 4.6.4] to classical theta functions, so (−1) acts on the basis by:
(−1)∗θ[00] = θ[00], (−1)∗θ[ω0] = θ[3ω0 ], (−1)∗θ[2ω0 ] = θ[2ω0 ], (−1)∗θ[3ω0 ] = θ[ω0].
According to [4, Corollary 4.6.6] the dimension of the space of theta functions invariant
under the action of (−1) is 3 and the dimension of the anti-invariant space is 1. Thus, up
to a constant, there exists a unique odd theta function ((−1)-anti-invariant) in H0(L0),
denoted by θA, namely
θA = θ[3ω0 ]− θ[ω0].
Definition 3.1. Let CA = (θA = 0) be the zero locus of the theta function θA.
The fact that, up to translation, the curve CA does not depend on the choice of a period
matrix and on characteristic of the line bundle will follow from Theorem 3.7.
The next lemma states some basic properties of the curve CA.
Lemma 3.2. Let A be a (1, 4) polarised surface and CA be a curve constructed as above.
Then:
(a) CA is of arithmetic genus 5.
7(b) CA passes through at least twelve 2-torsion points on A.
(c) If A is a general abelian surface then the curve CA is smooth.
(d) If CA is smooth then it is a double cover of P1 branched along 12 points, i.e. it is
a hyperelliptic curve.
Proof. Applying the adjunction formula and Riemann-Roch one obtains
2ga(CA)− 2 = C2 = L2 = 2h0(L) = 8
and hence
ga(CA) =
1
2
(8 + 2) = 5,
which proves (a). Part (b) is a consequence of the proof of [4, Proposition 4.7.5]. Using the
notation from the proof, one immediately see that CA is an odd divisor, hence q
−1
L0
(1) =
A−2 (CA). Moreover, L is of characteristic 0 and qL0 is of rank 1, so |q−1L0 (1)| = 3 · 4 = 12.
Another way to prove part (b) is to compute explicitly A−2 (CA) in the product case (see
Remark 3.3 for details) and use the fact that classical theta functions are continuous on
C2 × h2.
Since CA is defined as the zero locus of an explicit theta function, (c) is a direct
application of Andreotti-Mayer theory: see [1, Prop 6] or [2, Ch. 6.4] for details.
For (d), let S = A/(−1) be the Kummer surface for A. The projection A→ S is 2 : 1,
so the image of a smooth symmetric curve is a smooth curve. From the Hurwitz formula
we can find the genus of the image and the number of branch points:
2 · 5− 2 = 2(2g − 2) + b.
As we know that b ≥ 12, the only possibility is g = 0, b = 12. 
3.1. An explicit computation. We will describe explicitly the curve CA as the zero
locus of an odd theta function in the case where A = E×F is a product of elliptic curves
with a product polarisation. Let
E = C/τ1Z+ Z, F = C/τ2Z+ Z, Λ =
[
τ1 0 1 0
0 τ2 0 4
]
Z4, A = C2/Λ.
We can take a standard decomposition
C2 =
[
τ1 0
0 τ2
]
R2 + R2
and write theta functions explicitly: for v = (v1, v2) ∈ C2 and ω = (0, 14) we have
θ[ω0](v) =
∑
l1,l2∈Z
exp
(
piil21τ1 + pii
(
l2 +
1
4
)2
τ2 + 2piil1v1 + 2piiv2
(
l2 +
1
4
))
.
θ[3ω0 ](v) =
∑
l1,l2∈Z
exp
(
piil21τ1 + pii
(
l2 +
3
4
)2
τ2 + 2piil1v1 + 2piiv2
(
l2 +
3
4
))
.
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For the computations, let us denote
al = exp
(
piil2τ1 + 2piiv1l
)
,
b±l = exp
(
pii
(
l +
1
2
± 1
4
)2
τ2 + 2piiv2
(
l +
1
2
± 1
4
))
.
Then, since the series converge absolutely
θA = θ[3ω0 ]− θ[ω0] =
∑
l1,l2
al1b
+
l2
−
∑
l1,l2
al1b
−
l2
=
∑
l1
al1(
∑
l2
b+l2 −
∑
l2
b−l2).
For v1 =
1
2
+ 1
2
τ1 we have
al = exp
(
piil2τ1 + piilτ1 + piil
)
= exp
(
pii
(
l +
1
2
)2
τ1 − 1
4
piiτ1 + piil
)
= (−1)l exp
(
pii
(
l +
1
2
)2
τ1 − 1
4
piiτ1
)
.
Now, al = −a−l−1, so
∑
l al = 0 and therefore for any v2 we find θA(
1
2
+ 1
2
τ1, v2) = 0. The
image of this component of {v | θA(v) = 0} in A is a curve isomorphic to F .
Similar computations can be carried out for v2 = 0, v2 = 2, v2 =
1
2
τ2 and v2 = 2 +
1
2
τ2.
For v2 = 0 and v2 = 2, we have b
+
l = b
−
−l−1. For v2 =
1
2
τ2 and v2 = 2+
1
2
τ2 we have b
+
l = b
−
−l.
In all cases we get
∑
l b
+
l =
∑
l b
−
l . The images in A of those zeros are isomorphic to E,
so by Lemma 3.2(a), we know we have found all the zeros of θA.
Remark 3.3. Explicit computations show that in the product case, CE×F contains twelve
2-torsion points with multiplicity one in E×F . Let F [2] = {p, q, r, s}. Then F ′ = F/F [2]
is an elliptic curve and CE×F is an e´tale Klein cover of E ∪ F ′ with E ∩ F ′ being a two
torsion point both in E and F ′ (see Figure 1).
p q r
s
EE
4:1
Klein
F’
F
F[2]={p,q,r,s}
Figure 1.
The picture in the product case is not a coincidence. Let Z be a period matrix of A and
w1 = (0, 2), w2 = (
z12
2
, z22
2
) be preimages in C2 of generators of the subgroup of 2-torsion
points in K(L0). One can prove the following technical lemma.
9Lemma 3.4. Let Z = [zij] be a period matrix of A and w1 = (0, 2), w2 = (
z12
2
, z22
2
). Then
θA(v + w1) = −θA(v) and θA(v + w2) = M(Z)θA(v)
for some nonzero constant M(Z).
Proof. Both equalities follows from direct technical computations. One can deduce the
first equality from [4, Remark 8.5.3a], as w1 ∈ Z2 and exp(2pii · 14 · 2) = −1 and the other
constants are 0. The main ingredient to show the second equality is that θ[ω0](v + w2) =
M(Z)θ[3ω0 ](v) and θ[3ω0 ](v+w2) = M(Z)θ[ω0](v) for some constant M(Z) that depends only
on Z.
Note that one can deduce this result from Theorem 4.12 that is proved indepedently. 
Corollary 3.5. In particular, the curve CA = {θA = 0} is invariant with respect to a
subgroup of translations isomorphic to the Klein group, namely K(L0) ∩ A[2].
Now, we would like to prove the uniqueness (up to translation) of such curve.
Lemma 3.6. Let A = E × F be a (1, 4) product polarised abelian surface. There are
exactly four copies of symmetric curves that passes through twelve 2-torsion points and
all of them are translations by 2-torsions of CE×F .
Proof. Denote by piE and piF the corresponding projections. We claim that, any curve in
the linear system of a polarising line bundle on A is a union of one fibre of piE and four
fibres of piF (counted with multiplicity if needed). To see this, note that by [4, Lemma
10.1.1], the linear system has a fixed component that is a fibre of piE. Then, the moving
part is given by pi∗F (O(4)) and hence is a union of 4 copies of fibres of piF . Actually, we
already have seen this fact when we proved that θE×F is a product of two series in two
independent variables.
Now, let C = E0 ∪ F1 ∪ . . .∪ F4 be the decomposition into the union of fibres. Since C
is symmetric, the fixed component E0 has to be the preimage of a 2-torsion point on E.
Then, the only case when C passes through twelve 2-torsion points with odd multiplicity
is when {piF (Fi) : i = 1, . . . 4} = F [2] is the set of all 2-torsions on F . Therefore, there
are exactly four copies of such curves C given by 2-torsions on E and they are defined by
CE×F = 0 and its translations by 2-torsion points on E × {0}. 
Theorem 3.7. Let f : C → A be a smooth hyperelliptic genus 5 curve embedded in a
general (1, 4) polarised abelian surface A. Then C is a translation of the curve CA. In
particular, if L0 = O(f(C)) is of characteristic 0, then f(C) is a translation of CA by an
element of K(L0).
Proof. By translating if needed, we can assume that f(p) = 0 for some Weierstrass point
p ∈ C. Then, by Lemma 2.6, C passes through twelve 2-torsion points on A and is
defined as the zero locus of some (classical) theta function. Since classical theta functions
are holomorphic on the Siegel space, we can degenerate A to a product of elliptic curves
and by Lemma 3.6, C has to be a translation of CA. The second part follows from the
definition of K(L0). 
Remark 3.8. In [7], it is proved that the number of hyperelliptic curves in the fixed linear
system hA,FLSg,β for a (1, 4) polarised surface A and a genus 5 curve equals 4 (see [7, Table 1]).
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It comes from the curve CA and its translations by elements of K(L0). Although, there
are 16 elements of K(L0), the curve is invariant with respect to K(L0) ∩ A[2], so there
are exactly 4 copies of hyperelliptic curves in the linear system of a (1, 4) polarising line
bundle on a general abelian surface.
Remark 3.9. In [5] and rewritten in [4, Section 10.5], it is shown that the map attached to
the linear series of the polarising line bundle L0 on a general (1, 4) polarised abelian surface
is birational onto its image. Using the notation from the paper, we have θA = X3−X1 = Z3
hence the image of CA is given by the hyperplane section Z3 = 0.
4. Klein coverings
The hyperelliptic curves constructed in §3 admit an action of the Klein group V4 '
Z2×Z2. In this section we show a necessary and sufficient condition for a Klein covering
of a hyperelliptic curve H of genus g ≥ 2 to be hyperelliptic. First, we recall some facts
about the Weil pairing on the group JH[2] of 2-torsion points of a hyperelliptic curve
that can be found in [8, Section 5.2].
Let W = {w1, . . . , w2g+2} ⊂ H be the set of Weierstrass points of the curve H. Given a
subset S ⊂ I = {1, . . . , 2g + 2} the divisor
(4.1) αS =
∑
i∈S
wi − |S| · w2g+2
defines an element in JH[2] (where α{2g+2} corresponds to zero divisor). Observe that
αS = αI\S. Denote by Eg the F2-vector space of functions I → F2 having an even
number of 0’s and 1’s modulo the constant functions {0, 1}. Hence, the elements of Eg
are represented by the subsets of even cardinality (up to complementary subset) and
clearly Eg ' F2g2 . The correspondence S 7→ αS gives an isomorphism Eg ' JC[2], so
all the 2-torsion points on a hyperelliptic Jacobian are of the form (4.1). Moreover, Eg
carries a symmetric bilinear form
e : Eg × Eg → F2, e(S, T ) = |S ∩ T | mod 2,
which is a non-degenerated symplectic form. Under the above isomorphism, this form
corresponds to the Weil pairing on the 2-torsion points on JH, for details see [8, Section
5.2]. A subspace G ⊂ Eg is isotropic with respect to e if e(αS, αT ) = 0 (that is, if the
divisors αS and αT share an even number of points) for all αS, αT ∈ G; otherwise the
subspace G is called non-isotropic.
Now we will make precise what type of coverings arose in Section 3.
Definition 4.1. A Klein covering is a couple (H,G) with H a curve of genus g ≥ 1 and
G a subgroup of JH[2] isomorphic to the Klein group V4 = Z2 × Z2. If we additionaly
assume that G is non-isotropic, we call it a non-isotropic Klein covering.
The definition is independent of the choice of a basis for G but in practice we will work
with a pair of generators η1, η2 of G. In a first step we consider an e´tale double covering
h : C → H given by a 2-torsion point η. The following proposition has been proved in [9]
but for sake of clarity we give a proof here.
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Proposition 4.2. Let H be a hyperelliptic curve of genus g and h : C → H an e´tale double
covering defined by η ∈ JH[2]. Then C is hyperelliptic if and only if η = OH(w1 − w2),
where w1, w2 ∈ H are Weierstrass points.
Proof. Let ιH be the hyperelliptic involution on H and s the automorphism of C ex-
changing the sheets of the covering. Suppose that C is hyperelliptic with hyperelliptic
involution ι. Note that the genus of C is 2g− 1 and there are 4g Weierstrass points on C.
According to the proof of Proposition 2.3, ι descends to ιH , so h maps the fixed points
of ι into fixed points of ιH . If a point p ∈ C is fixed by ι, then s(p) is also fixed by ι,
since s and ι commute. This implies that there are exactly 2g fibres over Weierstrass
points on H containing all the Weierstrass points of C and 4 points on C, the fibres of the
two remaining Weierstrass points, say w1, w2, which are fixed points of the involution ιs.
Since h−1(w1) ' h−1(w2) are linear equivalent to the hyperelliptic divisor, the 2-torsion
point η := OH(w1−w2) ∈ Kerh∗. This means that the double covering h is defined by η.
For the converse, suppose h : C → H is given by a 2-torsion point of the form η :=
OH(w1 − w2). Consider the divisor D := h−1(w2) of degree 2 on C. By the projection
formula we have that
h0(C,OC(D)) = h0(H, h∗(h∗OC(w2)⊗OC)) = h0(H,O(w2))⊕ h0(H,O(w2)⊗ η) = 2
since h∗OC = OH⊕η. Hence D is a hyperelliptic divisor on C which finishes the proof. 
Figure 2.
Corollary 4.3. In particular, we have shown the distribution of Weierstrass points on
C. If {w1, . . . , w2g+2} is the set of Weierstrass points on H and the covering is defined by
OH(w1 − w2) then the set of Weierstrass points of C is {vi1, vi2 : i = 3, . . . , 2g + 2} and
h(vi1) = h(vi2) = wi, see Figure 2.
Remark 4.4. Proposition 4.2 shows that a hyperelliptic curve admits exactly
(
2g+2
2
)
non-
trivial e´tale double coverings which are hyperelliptic. In particular, for g = 2 all the e´tale
double coverings are hyperelliptic, (see [11, Section 7]).
Now, we consider a Klein covering (H,G) with η1 and η2 generators of G and g(H) ≥ 2.
Let h : C → H be the double covering defined by η1 and f : C˜ → C the covering defined
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by h∗η2 ∈ JC[2] \ {0}. Let s be the involution exchanging the sheets of h and τ the
involutions exchanging the sheets of f . Then, s lifts to involutions on C˜ denoted by σ
and στ and it is easy to check that C˜ admits an action of {id, σ, τ, στ} ' V4. Moreover,
the C˜ → H is Galois with Galois group the Klein group V4.
Remark 4.5. Note that the curve C˜ does not depend on the choice of the generators
of G, although, the curve C does. Choosing a pair of generators gives a path on the
commutative diagram:
(4.2) C˜
f

2:1

2:1
  
Cσ
η2

Cτ
h η1

Cστ
η1+η2

H
where Cα = C˜/〈α〉 with α ∈ Aut(C˜).
Remark 4.6. The necessary and sufficient condition for s to be liftable is that the 2-
torsion defining f is a pullback of a 2-torsion from JH. Therefore, we obtain an equivalent
definition of the Klein covering: A Klein covering is a map f : C˜ → H, that is an e´tale
Galois covering with the monodromy representation isomorphic to V4.
Now, we proceed to the main result of this section. Although, we are interested in the
case g(H) = 2, the statement is true for any g(H) ≥ 2.
Theorem 4.7. Let H be a smooth hyperelliptic curve of genus g ≥ 2 with a subgroup
G = {0, η1, η2, η1 + η2} ⊂ JH[2] and let C˜ → H be the Klein covering of (H,G).
(a) If C˜ is hyperelliptic then G is non-isotropic with respect to the Weil pairing on
JH[2].
(b) If G is non-isotropic with η1 and η2 (and η1 + η2) being the difference of two
Weierstrass points, then C˜ is hyperelliptic.
Proof. (a) Suppose that C˜ is hyperelliptic. By Proposition 2.3, C is hyperelliptic hence
according to Proposition 4.2 and Corollary 4.3, the 2-torsion point η′2 := h
∗(η2) ∈ JC[2]
is of the form OC(vi1 − vi2) where vi1 and vi2 are Weierstrass points of C and they lie
on the fibre h−1(wi) of a Weierstrass point wi ∈ H for some i ∈ {1, . . . , 2g + 2}. Since
C is hyperelliptic, we also have that η1 = OH(w1 − w2), for some Weierstrass points, say
w1, w2 ∈ H. By the distribution of the Weierstrass points of C shown in Corollary 4.3,
wi 6= w1 and wi 6= w2. On the other hand, one can set η2 = OH(w1 − wi) since
h∗(η2) = OC(h−1(w1)− vi1 − vi2) = OC(vi1 − vi2) = η′2
with h−1(w1) being the hyperelliptic divisor linear equivalent to 2vi1. Hence, the Weil
pairing e(η1, η2) = 1 since the corresponding divisors share the point w1 (see Figure 2 for
the case g = 2).
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(b) Suppose that G is non-isotropic and η1 = OH(w1 − w2), so necessarily η2 share a
point with η1 say η2 = OH(w1 − w3), with w1, w2, w3 Weierstrass points. By Proposition
4.2, the covering C → H defined by η1 is hyperelliptic and one checks that η′2 = h∗(η2)
is the difference of two Weierstrass points, namely OC(v31 − v32), therefore the double
covering C˜ → C given by η′2 is hyperelliptic as well.

As an immediate consequence we have:
Corollary 4.8. If H is a smooth curve of genus 2, the Klein covering given by (H,V4) is
hyperelliptic if and only if V4 is non-isotropic with respect to the Weil pairing.
Remark 4.9. Klein coverings of hyperelliptic curves are Galois coverings of maximal
degree that can be hyperelliptic. To see this, note that by Proposition 2.3, the degree
of such covering has to be a 2-group. On the other hand by Theorem 4.7, the necessary
condition for the Klein covering to be hyperelliptic is that the Klein group defining it
is non-isotropic. So, if the Galois covering is of degree > 4 then for η1, η2, η3 generators
of a Z32 subgroup of the group defining a covering, we have e(η1, η2) = e(η1, η3) = 1,
hence e(η1, η2 − η3) = 0. Therefore, for any covering of degree strictly bigger than 4
there exists an isotropic Klein subgroup. Thus at least one of the quotient curves is non-
hyperelliptic, which contradicts Proposition 2.3. This fact has been already proved in [10]
using Fuchsian groups.
4.1. The second construction of CA. From the perspective of this section, we would
like to realise CA as a Klein covering. Let (A,L) be a general (1, 4) polarised abelian
surface. Let η, γ be any generators of K(L) ' Z4 × Z4. Denote by K = {0, 2γ, 2η, 2γ +
2η} = K(L) ∩ A[2]. Let
A2η = A/〈0, 2η〉, Aηγ = A/〈0, 2η + 2γ〉 and A2γ = A/〈0, 2γ〉.
Since |K| = 4, the surface A/K is principally polarised and because A is general, we
can assume A/K = JH is the Jacobian of a smooth genus 2 curve H. We have the
following diagram of polarised isogenies:
(4.3) A
2:1

2:1
  
2:1
~~
A2η
2:1
  
Aηγ
2:1

A2γ
2:1
~~
JH
Now, we will build up curves as preimages of respective projections. Let pi : A −→ JH.
Then pi(η), pi(γ), pi(η + γ) ∈ JH[2] are 2-torsion points and they define e´tale double
coverings of H denoted Cη, Cη+γ, Cγ. Moreover, the group G = {0, pi(η), pi(γ), pi(η + γ)}
defines an e´tale Klein covering of H. The coverings can be realised as restrictions of the
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respective projections
(4.4) pi−1(H) ⊆ A
2:1

2:1
&&
2:1
xx
Cη ⊆ A2η
2:1
&&
Cη+γ ⊆ Aηγ
2:1

Cγ ⊆ A2γ
2:1
xx
H ⊆ JH
Remark 4.10. Note that the groups K and pi(K) do not depend on the chosen gen-
erators so, up to permutation, the curves do not depend on them either. Moreover, by
construction, JH/G is the dual surface to A, so it has to be (1, 4) polarised.
Let us describe the notion of being isotropic and non-isotropic Klein subgroups in terms
of types of polarisation on quotient abelian surfaces in the following lemma.
Lemma 4.11. Let (JH,Θ) be a general principally polarised surface and let G ' V4 be a
subgroup of JH[2]. Then
(a) JH/G is principally polarised if and only if G is isotropic.
(b) JH/G is of type (1, 4) if and only if G is non-isotropic.
Proof. Recall that the Weil pairing coincide with the notion of the commutator map e2Θ
introduced in [4, Section 6.3] for 2Θ being twice the principal polarisation on the Jacobian.
Then, (a) follows directly from [4, Cor 6.3.5], since the only type of polarisation that can
be pulled back by a degree 4 isogeny to a (2, 2) type is principal.
As for (b), note that G is isotropic with respect to e4Θ, so the only possible type that
can be pulled back to a (4, 4) type is (1, 4), since by (a) we have excluded the (2, 2)
type. 
Now, we can connect Theorem 3.7 and Theorem 4.7 and show that two constructions
of hyperelliptic curves coincide. In particular, we reprove the fact that CA is invariant
with respect to K(L0) ∩ A[2].
Theorem 4.12. A smooth hyperelliptic curve of genus 5 can be embedded into (1, 4)
polarised abelian surface if and only if it is a non-isotropic e´tale Klein covering of a genus
2 curve.In particular, after possible translation on JH, we proved that C˜ = pi−1(H) = CA.
Proof. Let f : C˜ −→ H be an e´tale Klein covering defined by a non-isotropic subgroup.
Then we can build Diagram 4.4 from downstairs, hence C˜ can be embedded in a (1,4)
polarised surface, say A, and its image is invariant with respect to the Klein subgroup
of translations. By possible translation of H, we can assume that C˜ is symmetric and
defines the line bundle of characteristic 0. Then, by Theorem 3.7, C˜ = CA.
The second implication follows from the fact that every (1, 4) polarised surface can be
constructed in this way.

There is a natural involution on the moduli of abelian surfaces, namely dualisation.
The following remark describes the corresponding involution on the Klein coverings.
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Remark 4.13. Let G be a non-isotropic Klein subgroup of JH[2]. Since the Weil pairing
is non-degenerate, there exists a unique orthogonal complement to G and it is also non-
isotropic Klein group. It is denoted by Ĝ, since it can be seen as the dual to G when
using the canonical identification with the dual surface.
Then, by construction, the Klein coverings defined by (H,G) and (H, Ĝ) are embedded
into dual abelian surfaces.
5. Decomposition of JC˜
In order to have a better understanding of the decomposition of JC˜, we introduce the
following notation.
Definition 5.1. Let X be an abelian variety and Mi abelian varieties such that there
exist embeddings Mi ↪→ X for i = 1, . . . , k. We write
X = M1 M2  . . .Mk
if M1 + M2 + . . . Mk = 1, where Mi are the associated symmetric idempotents. In par-
ticular, X = M N if and only if (M,N) is a pair of complementary abelian subvarieties
of X.
Proposition 5.2. Let X be an abelian variety.
(a) If X is non-simple then there exist M and N such that X = M N .
(b) If X = M N and M = M1 M2 then X = M1 M2 N .
(c) If Mi are simple and Hom(Mi,Mj) = 0 for i 6= j then the set {0, X,Mi : i =
1, . . . , k} is the set of all abelian subvarieties of X. In particular, all Mi’s and the
presentation are unique (up to permutation).
Proof. Part (a) and (b) are trivial. As for the last, let N be a non-zero abelian subvariety
embedded in X. Consider the restrictions of Norm endomorphism NmMi to N and denote
them by Nmi. Since N and Mi are simple, Nmi is an isogeny or the zero map. From
the assumption that
∑
i Mi = 1, we get that the Mi’s generate X as a group, so at least
one of the Nmi’s is non-zero. On the other hand if we had two isogenies Nmi and Nmj,
i 6= j then we would get an isogeny Mi →Mj which contradicts Hom(Mi,Mj) = 0. This
means that exactly one Nmi is non-zero, hence N ⊂ Mi (as subvarieties in X) and from
simplicity, N = Mi. 
Remark 5.3. Part (a) and (c) of Proposition 5.2 can be seen as stronger forms of Poincare
Reducibility Theorems.
For an abelian variety M embedded in X if there may be any confusion what is the type
of restricted polarisation from X to M , we will write M (d1,...,ddimM ) where (d1, . . . , ddimM )
is the type of the restricted polarisation from X to M .
Let A be a general (1, 4) polarised surface and C˜ be the hyperelliptic curve embedded
in A. We denote by ι the hyperelliptic involution on C˜. By results of Section 4, C˜ admits
an action of the group
Z32 ' 〈ι, σ, τ : ι2 = σ2 = τ 2 = 1, ισ = σι, τσ = στ, τι = ιτ〉 ⊂ Aut C˜,
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where σ and τ are the fixed point free involutions. As before, for any α ∈ Aut(C˜), we
denote the quotient curve by Cα = C˜/〈α〉. Since σ, τ and στ are fixed point free, we have
that Cσ, Cτ , Cστ are the quotient curves of C˜ of genus 3 embedded in Aσ, Aτ , Aστ .
Corollary 4.3 shows that |Fix(ιk)| = 4 for any k ∈ {σ, τ, στ}, hence by Hurwitz formula
we get that Cισ, Cιτ , Cιστ are quotient curves of genus 2. Moreover let
(5.1) Eσ = C˜/〈σ, ιτ〉, Eτ = C˜/〈τ, ισ〉, Eστ = C˜/〈στ, ισ〉
be elliptic curves given by quotients by 4-elements subgroups. We also have H = C˜/〈σ, τ〉
and rational curves that are the quotient curves for any subgroup that contains ι. In this
way, we investigated all possible subgroups of Z32.
For any k, l ∈ {σ, τ, στ}, l 6= k we have the following quotient maps:
C˜ → Ck → Ek and Cιk → El.
Note that all obtained curves are hyperelliptic (or elliptic).
Corollary 5.4. Applying Propositions 2.1, 2.2 and 2.4 to the quotient maps we get the
following decompositions of Jacobians of quotient curves:
JCισ = E
(2)
τ  E(2)στ , JCιτ = E(2)σ  E(2)στ , JCιστ = E(2)σ  E(2)τ ,
JCσ = Â
(1,2)
σ  E(2)σ , JCτ = Â(1,2)τ  E(2)τ , JCστ = Â(1,2)στ  E(2)στ
The main result of this section is the following theorem.
Theorem 5.5. Let A be a general (1, 4) polarised abelian surface and C˜ the hyperelliptic
curve embedded in A. Then
JC˜ = Â(1,4)  E(4)σ  E(4)τ  E(4)στ .
In this presentation we can see images of Jacobians of all quotient curves and Pryms
of coverings. For example:
Â(1,4) = Im JH = JH/V4,
E(4)σ  E(4)τ  E(4)στ = P (C˜/H)(1,1,4),
Â(1,4)  E(4)σ = Im JCσ = JCσ/Z2 = P (C˜/Cισ)(1,2,2),
E(4)σ  E(4)τ = Im JCιστ = JC(2,2)ιστ = P (C˜/Cστ )(2,2).
Proof. Since C˜ is an e´tale double cover of Cσ and both are hyperelliptic, Proposition 2.4
gives JC˜ = JCσ/Z2  JC(2,2)jσ . Applying Proposition 5.2 and Corollary 5.4 one obtains
the result. 
Remark 5.6. Theorem 5.5 is a more detailed version of [12, Theorem 6.3.iv] in the
particular case, when the base curve has genus 2, the coverings are e´tale and defined by
non-isotropic Klein group.
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